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Abstract: The paper presents the method of obtaining mathematical equations named "Analytical algorithm expressions" which enable simple creation of computer 
programs for simulation of the temperature field in the weld zone in electric resistance spot welding. Knowledge of these equations and the manner of their formulation 
make creation of program packages easier but they do not change anything with respect to the structure and scope of necessary input data which determine concrete 
initial and boundary conditions. In addition to providing algorithm description of the temperature field, the considered approach is applied for mathematical description of 
the field of any other physical value relevant for the welding process (specific current, electric potential, density, etc.). In this paper they are realized in temperature fields, 
as hierarchically superior to the fields of stress and current density, i.e. fields of physical properties of materials of the sheet and the electrode (superiority refers to the 
algorithm domain). Results of simulation for the non-stationary period of the welding process at two extreme discreet moments are presented at the end. 
Keywords: analytical algorithm expressions; electric resistance spot welding; iterative procedure; finite differences; non-stationary part of the process; simulation; station-
ary part of the process; temperature field 
1 INTRODUCTION 
Electric resistance spot welding is a welding process 
where the heat, which is needed to weld metal pieces 
together, is generated by applying an electric current 
through the sheets which are pressed between the 
electrodes [1]. 
Figure 1 Schematic presentation of the weld zone by electric resistance spot 
welding 
In electric resistance spot welding, the temperature 
fields as well as distribution of other physical values are 
considered in the geometrical space presented in Fig. 1a. 
The physical axial symmetry of that space in relation to 
the r and z axes is shown. Therefore, all analyses of the 
process are carried out in one quadrant of the welding 
zone (b), making conscious deviation from the reality in 
which only the upper electrode is cooled (it is mainly 
movable). The weld zone is considered in the cylindrical 
coordinate system. Electric resistance spot welding is 
made of three main sub processes/phenomena, Fig. 2. 
Simulation modelling of welding processes gives 
us possibility to better understand influences of main 
phenomena. First analytical models of spot welding 
[2, 3] showed up in 1960’s. The application of numeri-
cal models started in 1980’s with development of com-
puters [4]. Success and significance of the welding mod-
el is even greater if it covers a large number of the men-
tioned phenomena.Today’s models consider temperature 
dependent material properties, phase transformations and 
coupled thermal, electrical and mechanical interactions 
[5, 6]. 
The electric process covers all the pertaining physi-
cal phenomena and all elements of the electric circuit 
which starts at the connection of the machine to the pow-
er supply network, continues by transmission of current 
through the control elements and the transformer and 
ends at the electrodes and welded sheets. The mechanical 
process is based on the application of pressure force 
before, during and after the existence of the current flow 
and covers the consequences which arise. 
Figure 2 Complementary macro processes in spot welding and their structure 
The algorithm structure of the process of determina-
tion of temperature fields in welded sheets and electrodes 
is made of two logically and structurally similar proce-
dures. The first procedure refers to the initial period of 
welding (stationary), and the second one refers to all 
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other discrete moments of the periods of welding and 
cooling (non-stationary). 
Homogeneity of the fields of all physical properties 
of materials of the sheet and the electrode at the moment 
which precedes establishing the electric field (t=0 –ε), 
i.e. in the first passage through the program package is 
assumed. That assumption is valorised by procedures of 
determination of the corresponding fields (r, S, λ). In the 
non-stationary period of welding (t>0), that block de-
notes the procedures of calculation of discrete values of 
the fields with the same physical properties (r, S, λ). 
In relation to the stationary conditions of calculation, 
the procedures which belong to the non-stationary period 
are characterized by extreme temperature dependence of 
all properties of material of the sheet and the electrode, 
i.e. voltage and current, which makes the main difference 
between these two periods. The period of cooling the 
sheet and the electrode starts at the moment of interrup-
tion of electric current flow. 
The "Exact theoretical calculation" [7], has not been 
successfully and completely developed so far since it is 
still impossible to include changes and descriptions of all 
present processes, phenomena and states of real material 
medium in analytical calculations and models. For solv-
ing formulated partial differential equations, based on the 
application of computers, this paper presents realization 
of the numerical method of finite differences – iterative 
procedure. That is why the calculation grid whose cells 
have different shapes is formed in the weld zone, in 
accordance with Fig. 3. The elementary plan-polygons 
are formed by connecting central points (nodes) of four 
or less than four neighbouring cells, depending on the 
position of the central cell in the considered geometrical 
space and in accordance with the corresponding bounda-
ry conditions. 
Figure 3 Geometrical discretization of the weld zone in the form of the variable 
calculation grid, [8] 
On the other hand, coinciding of physical boundaries 
of the area with the position of central points (nodes) of 
boundary layers of the cells is provided. In all directions, 
the number of cells is an integer value. For the purpose 
of as real modelling of geometry of the weld zone as 
possible, the variable step grid – multigrid method is 
applied. 
The motion strategy (iterative procedure) is in ac-
cordance with the Gauss–Seidel method for line. The 
adopted strategy respects natural tendencies of develop-
ment of each analysed process in the corresponding 
quadrant. 
For the needs of simulation of the non-stationary part 
of the welding process, upon discretization of the geo-
metrical space (by the coordinates i, j), discretization by 
the time t starts. The main problem is expressed in de-
termination of the time increment ∆t, i.e. time step be-
tween two discrete moments of the process. Two values 
are obtained by applying the same methodology of de-
termination of the time increment. 
The solution, described in this paper, was accom-
plished by two times discretization. The first one refers 
to the space of the welded sheet. In non-stationary condi-
tions of the process, the sheet area is simulated by one 
discrete step of time. Discretization of the electrode 
space is realized by the second discrete step. These two 
values depend on each other. 
The accomplished geometrical discretization of the 
weld zone space imposes procession of over 6500 sys-
tems of algebraic equations in each iteration and at every 
discrete moment. 
2 CALCULATION GRID 
The realized variable calculation grid, shown in Fig. 
3, was created as a consequence of three noticed geomet-
rical areas which approximate the considered quadrant. 
In the first space, in the zone of welded sheets, the cells 
of square shape with the discrete step h are applied. The 
conical ending of the electrode (working part) is approx-
imated by the grid of rectangular cells with the discrete 
step h in the direction of the r–axis, i.e. k in the z–
direction: 
ϕtan ⋅== hhk z           (1) 
The rest of the electrode space (cylindrical part in 
which there is a coolant hole) is also covered by a rec-
tangular grid. The sides of its cells, in the z–direction, i.e. 
the corresponding discrete step, have the value: 
3= =zk   h  h   (2) 
This is done because electric and heat processes are 
realized at a lower energy level so that the credibility of 
description (3h) is not lost by a large step. Application of 
the variable calculation grid made the developed pro-
gram solutions more complex. The main problem is seen 
in the necessity of finding procedures for moving from 
the grid with a finer increment to the grid with a rougher 
geometrical increment, and vice versa. 
The solutions described in literature refer to elimina-
tion of errors of big wave lengths, and in this case they 
are inapplicable, at least not for approximation of key 
physical values. The final solutions are realized based on 
the principle of the law of conservation of energy and 
properties of superposition expressed in the elliptic type 
of second order differential equations with constant coef-
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ficients. They were realized by implementation of fictive 
nodes on the basis of linear interpolation. 
3 ANALYTICAL DESCRIPTION OF THE TEMPERATURE 
FIELD 
Establishing and maintenance of the variable tem-
perature field of the considered continuum is expressed 
by the gradient: 
0
∂ ∂ ∂ ∂
∇ = ⋅ + ⋅ + ⋅ ≡
∂ ∂ ∂ ∂
= ⋅








     (3) 
The specific heat flow is obtained by reducing the 











The specific heat flux, i.e. the flow is reduced to the 
unit of cross section by conduction, Eq. (5), convection, 
Eq. (6) and radiation, Eq. (7): 
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Very frequently, and even in this paper, a more suit-
able form of the previous expression is used: 
( )0⋅⋅=z z xa S T –  Tq  (8) 
Based on Eqs. (7) and (8), the coefficient of heat 
transfer by radiation is determined by the equation: 














     (9) 
The general expression for transformation of electric 
into heat energy, in the conductor of invariable section S, 
during the time t, reads:  
2⋅ ⋅ ⋅=el r j lq S          (10) 
3.1  Electric Process 
From the aspect of function in the analytical model 
of spot welding, three parameters of the electric process 
are characteristic: 
a) Electrical resistance
By their physical nature and place of existence, Fig. 
4, there are two different types of electrical resistance: 
- natural or volume electrical resistance, Rd and Re, 
- contact or superficial electrical resistance, Red and 
Rdd. 
Figure 4 The characteristic values of the electrical resistance in the welding 
zone: a) position of partial resistance and the equivalent electrical scheme, b) 
physical and contact micro relief, c) dynamical curve of changes of the electri-
cal resistance. 
In addition to the type of conductive medium, the 
value of electrical resistance is significantly influenced 
by temperature and geometry of the conductive medium 
(its length  and the cross section S). 
b) Potential of the electric field – voltage
The general differential equation of the field of po-
tential in the conditions of uniform temperature field 
(Laplace), and hence in the conditions of uniform field of 
specific volume electrical resistance, [9, 10], has the 
form: 
1 1 1 1 0
   ∂ ∂ ∂ ∂ ∂ ⋅ + ⋅ + ⋅ ⋅ =     ∂ ∂ ∂ ∂ ∂    z z r r r r
ϕ ϕ ϕ
r r r
  (11) 
By transformation of each member of the general 
equation of approximation of the potential field into 
finite differences, it reads: 
( ) ( )
3 1
1 2 3 4 0
0
3 1 2 4
3 1 2 4
1 14
2 4
1 1 1 1 0
i
ϕ ϕ
ϕ ϕ ϕ ϕ ϕ
r
ϕ ϕ ϕ ϕ
r r r r
− ⋅ + + + − ⋅ + + ⋅ ⋅ 
    
⋅ − ⋅ − + − ⋅ − =    
    
 (12) 
By solving the previous equation, the value of poten-
tial at the central point of the polygon shown in Fig. 5 is 
determined by applying the following expression: 
( ) ( )
3 1 0
0 1 2 3 4
3 1 2 4
3 1 2 4
1
4 2 16
1 1 1 1
− = + + + + + ⋅ ⋅ 
    
⋅ − ⋅ − + − ⋅ −    
    
i
φ φ r
ϕ φ φ φ φ
φ φ φ φ
r r r r
   (13) 
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The criterion for completion of the iterative proce-
dure, i.e. the level of allowed deviation, ε: 
1
0 0
−− ≤( k ) ( k )ϕ ϕ ε         (14) 
Figure 5 General representation of the method of central pattern (elementary 
plan–polygon). 
If the temperature field, at the considered moment of 
the welding process, can be regarded as uniform, and the 
specific electrical resistancer(r, z) = const., which is one 
of the characteristics of the initial period of welding, the 
equilibrium state of potential is described by the linear 




1 0∂ ∂ ∂+ + ⋅ +
∂∂ ∂ r rz r
ϕ ϕ ϕ       (15) 
The equation of approximation of electric potential, 
for stationary conditions, is obtained when each member 
of the previous equation is expressed in the form of finite 
differences, so that its developed form reads: 
3 1
0 1 2 3 4
1
4 2
− = ⋅ + + + + ⋅ i
ϕ ϕ
ϕ ϕ ϕ ϕ ϕ    (16) 
c) Density of welding current (specific)
The voltage drop between any two points in the con-
ductor with invariable section, in the stationary field, is 
proportional to the strength of current which passes 
through it. For the non-stationary electric field it is not 
possible to establish equations of voltage equivalence 








In the cylindrical coordinate system, the potential 
difference (∂ϕ) is different in different directions (z and 
r), so that the corresponding components of the vector of 






















     (19) 
I.e. the summed current density j0, at every element 
of the calculation grid, is determined as a module of the 
vector sum of the components: 
2 2
0 z rj j j= +          (20) 
When numerical denotations of nodes of the calcula-
tion grid are applied Fig. 5, the general expression for 
determination of current density in the node 0' of the 












  (21) 
3.2 Heat Process 
The energy balance of the process (heat balance) re-









q ;   ( )  q +q' +q"=0     (22) 
The exchanged amount of heat in the considered el-
ementary volume, at the time dt is equal to: 
( ) ( )
2 2
2 2
1 ∂ ∂ ∂
= − ⋅ + ⋅ ⋅ + − ⋅ ⋅  ∂∂ ∂ 

T T Tq dV dV
r rr z
λ λ     (23) 
The accumulated heat in the elementary volume dur-
ing the time dt: 
∂





γ   (24) 
The heat release due to the existence of an internal 
heat source in the elementary volume during the time dt: 
= ⋅ ≡ i elq' q dV q        (25) 
Figure 6 Schematic representation of analytical establishing of heat balance 
for the elementary layer in the cylindrical coordinates [11] 
The equation of distribution of temperatures is ob-
tained by replacing the previous three expressions in Eq. 
(22) and by its rearranging on the basis of graphical 
interpretation of the process of heat exchange in the 
cylindrical coordinate system, Fig. 6: 
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2 2
2 2
1 ∂ ∂ ∂ ∂
⋅ + + ⋅ + =  ∂ ⋅ ∂∂ ∂ 
iqT T T Ta
r r C tz r γ
  (26) 
a) Stationary temperature field
In the mathematical sense, the stationary temperature 
field is defined by the absence of the member on the 
right-hand side of the equals sign in Eq. (26), i.e. 
0∂ ∂ =T / t . It means that in the weld zone there is no 
accumulated energy and that the temperature field does 
not depend on time but only on coordinates. In the weld 
zone there is an infinite number of heat sources, and the 
heat flow of each of them, on the basis of Joule law, is 
expressed by the following equation: 
32   W/m,r⋅== j
V
qq eli       (27) 
By replacing the obtained expression for the flow of 
the heat source in Eq. (27), for the stationary conditions, 
it is obtained that: 
2 2
2 2
1 0∂ ∂ ∂+ + ⋅ + =
∂∂ ∂
iqT T T
r rz r λ
    (28) 
The numerical method of solving this equation based 
on approximation of solution by finite differences con-
sists of substitution of partial derivatives by the corre-




1 2i , j i , j i , j
T T T T
z k + −
∂
= ⋅ − ⋅ +
∂




1 2i , j i , j i , j
T T T T
r h + −
∂
= ⋅ − ⋅ +
∂
   (30) 
( )1 11 1 12 i , j i , j
T T T
r r h i h + −
∂
⋅ = ⋅ ⋅ −
∂ ⋅
    (31) 
The induced amount of heat of the internal heat 
source is invariant in relation to the applied coordinate 
system (coordinates/position), and therefore the last 
member of Eq. (28), in its unchanged form, is contained 
in its solution. The differential form is obtained by re-
placing the Eqs. (29), (30), (31) and it reads: 







i , j i , j i , j
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iT T T
k i h
i h kT T




⋅ + + ⋅ +
⋅ ⋅
− +
+ ⋅ − ⋅ =
⋅ ⋅ ⋅
   (32) 
If approximation by finite differences is realized by 
means of the quadrant calculation grid, for the central 
and neighbouring cells, taking into account Eq. (28), the 
recurrence iterative equation for determination of tem-
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i , j
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+= ⋅ + + ⋅ + ⋅
⋅− + ⋅ + ⋅
⋅ 
  (33) 
b) Non-stationary temperature field
The equilibrium state of the non-stationary tempera-
ture field at any discrete moment, for the time increment 
∆t which precedes it, is described by Eq. (26). It is obvi-
ous that the stationary temperature field represents its 
special case. 
By replacing Eqs. (29-31) and taking into account 
Eq. (27), the recurrence iterative equation for iterative 
procedure of approximation of Eq. (26) is obtained, us-





2 1 2 1
2 2
( k )
i , j i , j o i , j i , j
o
i , j i , j u
T T F T T
F





= ⋅ + ⋅ + ++
+ − + ⋅ + ⋅ + ⋅ ⋅ 
 (34) 
The denotations of positions of nodes (i, j) are in ac-
cordance with Fig. 5. The "stationary" part of Eq. (34) is 
noticed in its structure (in parentheses), which is ex-
plained in the identical way as the left-hand side of Eq. 
(26). The "stationary" part defines the equilibrium state 
of the temperature field for the current time increment by 
using the superposition property of the finite difference 
method. Eq. (34) is convergent. This statement is true if 
the so-called method of right-hand derivatives with any 
time and geometrical increment is applied for its solving. 
Of course, a higher level of precision of equilibrium state 
of the temperature field is realized if smaller values of 
increments are adopted. All other values of temperatures, 
except )1( ,
−k
jiT  are taken from the set of values from the
current or previous iteration, but at the current discrete 
moment. 
If the method of left-hand derivatives were applied, 
it would be necessary, depending on the boundary condi-
tions, to test the criterion of stability (convergence) for 
every equation from the obtained system of equations. In 
Eq. (34), the time domain of the temperature field is 










         (35) 
Similarly to the stationary temperature field, the 
temperature increment in the central node, as a conse-
quence of existence of an internal heat source, for the 
square calculation grid, is determined by the expression: 
2






       (36) 
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4 Time Increment 
The coefficient of temperature conductivity a, m2/s, 
i.e. the Fourier dimensionless number Fo, Eq.(35) deter-
mines the kinetics of heat exchange between elementary 
layers in the continuum, i.e. after integration in the con-
tinuum as a whole (since the weld zone is considered as 
homogeneous and non-deformable medium). 
For analytical and algorithm procession, the ac-
ceptable solution is obtained by mathematical analysis of 




= ⋅ ⋅ =
⋅ ⋅




  (37) 
where x is the parameter of the Fourier function: 
( )
2
1−  = − ⋅ − F( ) e G
xx x x     (38) 
Since the Fourier number depends not only on the 
type of material and temperature but also on the charac-
teristic of the calculation grid h, the algorithm provides 
the calculation of values of the Fourier number in all 
necessary conditions, which was the decisive factor in 
selection of the final solution of the methodology of 
determination of time increment for the non-stationary 
part of the process in the electrode zone. Hence the rela-
tive ratio t between time increments for the sheet and the 
electrode was introduced, and its calculation is per-









Taking into account the properties of material of the 
sheet and the electrode at the initial moment of welding, 






F. ⋅×= −31074t     (40) 
In the developed program package, the relevant cri-
terion for determination of the parameter of time incre-
ment represents the step of the calculation grid in the z–
direction (k=h⋅tanϕ). 
5 ANALYTICAL ALGORITHM  EXPRESSIONS 
When the procedure of obtaining heat balance equa-
tions [8] as well as the structure of each of 33 developed 
equations are taken into account, depending on whether 
they refer to the stationary or non-stationary period of the 
welding process, two types of algorithm forms applied in 
creation of the computer program are established. 
5.1 Stationary Period of the Welding Process 
The heat balance equations of this type do not con-
tain the member ′q from Eq. (22). The total of 33 SHBE 
(stationary heat balance equations) was developed, and 
their general form, which is named the algorithm expres-












A A x z u
T K T
K K K




= ⋅ ⋅ +
+ +
+ ⋅ + ⋅ + 
∑
∑   (41) 
The equation contains variables and their indices 
with the following meanings: 
5.2 Non-Stationary Period of the Welding Process 
Eq. (34) represents the general form of equations 
which make the algebraic system of every plan–polygon. 
If the denotations of the pertaining nodes (cells) are as in 
Fig. 3 and Fig. 5 and when the members which express 
heat exchange by convection (in continuation it is divid-
ed into natural and forced convection) and radiation are 











X X z z u
T T F K K T K T K T
F
K T K T K T T
= ⋅ + ⋅ + + ++
+ + + + 
   (42) 
Boundary conditions have a crucial influence on the 
structure of Eq. (42). Therefore, the obtained equations 
differ not only by the presence or absence of certain 
members, but also by the structure of each of the men-
tioned coefficients/multi-pliers (K). Besides, the member 
before the square brackets (1/(Fo+1)) is also a character-
istic of similar influences. 
For the unique physical medium (it is not homoge-
neous, but the one without geometrical and matter dis-
continuity), i.e. for the plan - polygons distributed in 
internal parts of the sheet area and the electrode area 
(their central nodes are not at the boundaries of contact), 














+ ⋅ ⋅ + +  
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   (43) 
In the second case, characteristic by its referring to 
the central cells distributed along the contacts electrode-




















= ⋅ + ⋅ +
+ +
+ ⋅ + 
∑
∑   (44) 
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The seemingly simpler structure of Eq. (44) is char-
acterized by the expressions for coefficients Ki which are 
considerably more complex than the corresponding ones 
in Eq. (43). It is because Eq. (44) describes, besides other 
things, the change of the physical medium so that the 
corresponding Fourier dimensionless numbers are con-
tained in their expressions. The transformed form of the 
product γ⋅C from Eq. (35) is used: 
γ*C* = γLCL+ γECE∙tanϕ – for the contact between the 
working surfaces of the electrode and the sheet, 
γ*C* = γLCL+ 0.75γECE – for the conical tip as a contact 
between the working surfaces of the cylindrical part of 
the electrode and the sheet. 
The indices indicate the group of properties of mate-
rials of the sheet (L) or the electrode (E). The Fourier 






















–for the welded sheet area  (46) 
The described analytical algorithm expressions rep-
resent the minimum form of Eq. (34), i.e. Eq. (42) and 
allow program (software) interpretation of all heat bal-
ance equations, i.e. identification of temperature fields in 
the physical area of the sheet and the electrode at every 
discrete moment of the welding process as a whole. 
Figure 7 Isotherms in the weld zone at the first discrete moment 
6 PRESENTATION OF RESULTS 
The obtained general analytical algorithm expres-
sions make development of computer programs easier, 
i.e. they are applied for software description of the previ-
ously developed heat balance equations for the stationary 
and non-stationary welding periods [8, 2]. Spatial distri-
butions of all relevant physical values ending with the 
temperature field in the weld zone are obtained as soft-
ware output. The examples of planar distribution are 
presented in Fig. 7 for non-stationary conditions of pro-
cess development. The first one shows the isotherms of 
the temperature field at the first discrete moment of the 
non-stationary period, and in the second one they are at 
the boundary discrete moment (final). The temperature 
jump at the first discrete moment is the consequence of 
the initial temperature field and the existence of electri-
cal contact resistance. 
On the other hand, such temperature distribution, 
since it directly depends on the field of electric potential 
and electric current, is in accordance with the so-called 
skin effect, i.e. with the Greenwood concept of the mod-
el, [2], by which, in the initial period, the extreme values 
of current are achieved at the periphery of contact elec-
trode-sheet and sheet–sheet. 
7 CONCLUSIONS 
Application of the developed program package for 
simulation of electric resistance spot welding [10, 4] and 
its results presented here show that it is necessary for the 
simulation model to include the electrode area. In a lot of 
papers it is not done because it is stated that the tempera-
ture field in the electrode does not change to a consider-
able extent. This paper does not deny that statement, but 
it shows that the influence of the electrode does exist and 
it is neither possible nor desirable to neglect it. Second-
ary iteration which simulates the process of heat ex-
change in the electrode area provides obtaining results 
that respect the use of cooling liquid. It allows taking 
away heat from the electrode area and maintaining the 
acceptable temperature distribution in the electrode. 
Actually, the electrodes are used for taking away heat 
even from the zone of welded sheets thus influencing the 
dimensions of the formed welded point. Application of 
analytical algorithm expressions makes the operation of 
computers faster, which creates the precondition for 
development of a simultaneous system of control of the 
subject process in which it is necessary that the simula-
tion speed should be identical to the speed of the process 
itself. If another discretization of time is integrated in the 
simulation model, as it is presented in this paper, or in a 
similar way, it should be expected that the precision of 
simulation results will be increased. In the concrete case, 
the similarity of simulation values with the real (meas-
ured) ones reaches 90÷91.9 %, [8]. 
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Nomenclature 
C - the specific heat (heat capacity), J/kg°C 
h - the step of the discrete grid in the direction of the r–axis, m 
i,j - discrete coordinates 
k - ordinal number of iteration 
q - the exchanged amount of heat in the considered elemen-tary volume 
q′ - the accumulated heat in the elementary volume during the time dt 
q′′ - the heat release due to the existence of an internal heat source in the elementary volume during the time dt 
r - the radius, i.e. position of the cell in the direction of the r–axis, m 
S - the characteristic area of the heat conductive fibre, m2 
T1 - the temperature in the considered cells of the polygon, °C 
T0 - the temperature in the central cells of the polygon, °C 
∆t - the time increment, s 
λ - the coefficient of thermal conductivity, W/(m°C) 
r - the specific electrical conductivity, Ωm
ϕ - the angle of inclination of the electrode cone generatrix, ° 
 α - the coefficient of heat transfer (convection), W/(m2K)
γ - the density of the physical medium, kg/m3
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